We determine the n−automorphism group of generalized algebraic-geometry codes associated with rational, elliptic and hyperelliptic function fields. Such group is, up to isomorphism, a subgroup of the automorphism group of the underlying function field.
Introduction and preliminaries
Generalized algebraic-geometry codes (in short GAG−codes) have recently been introduced by Xing, Niederreiter and Lam [13] and they have allowed us to obtain codes with better parameters compared with Brouwer's table (see [1] ). They are a generalization of the well-known geometric Goppa codes since, for their construction, we can use not only rational places but also place of higher degree as well. For our purposes we are interested in GAG−codes constructed with places which are all of the same degree. For such GAG−code, Spera [8] proved that its automorphism group admits a subgroup which is isomorphic to an automorphism group of the underlying function field. This result is similar to a result by Stichtenoth [10] on geometric Goppa codes. In the present paper, following Wesemeyer [11] (see also [4] ) and introducing the notion of n−automorphism for GAG−codes, we are able to invert Spera's afore-mentioned result in the rational, elliptic and hyperelliptic cases. We show that, under certain suitable conditions, the n−automorphism group of a GAG−code can be embedded in the automorphism group of the underlying function field. Now we recall some properties of GAG−codes. For all notations about algebraic function fields, geometric Goppa codes and coding theory, which are not explicitly defined, we use the standard definitions as in [9] and in [12] . Let F |F q be a function field of genus g. A φ − place is a pair (P, φ P ) where P is a place of F |F q and φ P : F P → F q deg P is a F q −isomorphism (see [8] ). It is defined an action of Aut(F |F q ) on the set of the φ−places by σ((P, φ P )) := (σ(P ), φ P σ −1 ) where σ ∈ Aut(F |F q ). A φ−divisor is an element of the free group generated by φ−places. Aut(F |F q ) acts also on the group of the φ−divisors in obvious way.
We will call the linear code C(Φ; G; n) := ev Φ (L(G)) a generalized algebraicgeometry code (in short GAG-code). The following proposition is in [7] .
(where x denotes the greatest integer smaller than or equal to x).
Note that the GAG-codes defined above are a particular class of the more general GAG-codes considered in [13] and also in [3] .
Let Φ = N i=1 (P i , φ i ) and let G and G be divisors of F |F q . G is said to be Φ−equivalent to G (G ∼ Φ G ) if and only if there exists an element z ∈ F , z = 0, such that G = G + (z) and z(P i , φ i ) = 1 for every i = 1, 2, . . . , N. Of course ∼ Φ is an equivalence relation and we can define the subgroup
is the stabilizer (see [8] ) of Φ and G in Aut(F |F q ).
In [8] we also have the following result.
Theorem 1.2 If C(Φ; G; n)
is a GAG−code associated with Φ and G then: 
Automorphisms
Let n and m be positive integers and suppose n be a divisor of m. We can write every element of c ∈ F 
Remark 2.1 H(Φ; G; n) is a subgroup of Aut(C(Φ; G; n)) and, by the point 1 of the Theorem 1.2, any element of
Aut(F |F q ) Φ,G induces an n-automorphism.
Moreover, points 2 and 3 of the same Theorem 1.2, give conditions so that
. . , N, be some φ−places with P i pairwise distinct places all of the same degree n, which are not in the support of
We are going to define now an F q −liner map with which we will can associate to each n−automorphism of the code an element of Aut(
Let's consider the linear isomorphisms ev Φ and ev Ψ . If C(Φ; G; n) = C(Ψ; G; n) we can define, as in [11] 
The next lemma shows that our map λ, under certain conditions on the degree of G, has similar properties with the ones of a field automorphism.
Lemma 2.3
The following holds:
. Then:
The following proposition links λ to an automorphism of the function field. With it, we will show how λ can be used to associate to an automorphism of the code, an automorphism of the stabilizer.
Proposition 2.4 Let
From now on we suppose that F |F q is a hyperelliptic function field of genus g with char F q = 2. We think elliptic function field as special case of hyperelliptic function field. For any reference see [9] . We have
is a square-free polynomial of degree d = 2g + 1 or 2g + 2. The places P ∈ P Fq(x) which ramify in F |F q (x) are all zeros of f (x) if deg f (x) ≡ 0(mod2) and also the pole P ∞ of x if deg f (x) ≡ 1(mod2). The other places stay inert or split completely. Let D ∞ be the divisor which is the sum of the places of F |F q lying over the pole of x. If P is a rational place of F for which x and y are regular, then x P := x(P ) and y P := y(P ) uniquely determine P . We identify P with (x P , y P ). The automorphism group of F |F q (x) is equal to Aut(F |F q (x)) = {id, ξ} where ξ is the nontrivial automorphism such that ξ(x) = x and ξ(y) = −y. For the conjugate P := ξ(P ) of P , we have P = (x P , −y P ). Finally we can prove the main theorem.
Let's set H(F
q ) := P (1) F ∪ supp(D ∞ ), H r (F q ) the
Theorem 2.5 Let
and n Q ≥ 1 for each
. If nN > 16(g + 1)
2 + n or F |F q has some rational place and nN ≥ 4g + 3, then H(Φ; G; n)) ∼ = Aut(F |F q ) Φ,G .
Proof By the Theorem 1.2, Aut(F q (x, y)|F q ) Φ,G is isomorphic to a subgroup of H(Φ; G; n). We are going to prove that such subgroup is actually isomorphic to the whole group H(Φ; G; n). So let's consider π ∈ H(Φ; G; n). It is easy to show that C(Φ; G; n) = C(πΦ; G; n)
and so we can consider the corresponding map λ = λ π . Now for m := g + 1, by Proposition 4.
where
Since every element h(x, y) ∈ L(G) can be written as a linear combination of the above elements, we proved that λ(h(x, y)) = h(λ(x), λ(y)). We will prove now that λ(x) and λ(y) satisfy the relation H(λ(x), λ(y)) = λ(y)
2 − f (λ(x)) = 0. We start noticing that x and x
] belong to L(G) and so, by Lemma 2.3,
. It is easy to show that the map λ :
It is obvious moreover that the restriction of λ to L(G) coincides with λ and so, since x and y are in the image of λ (x, y ∈ L(G)), λ is an automorphism of F |F q . We have only to prove that
, it follows that (see [11] ) λ(G) = G and so it is possible to apply Lemma 2.4 from which follows that λ(
The next theorem shows that similar result can be also obtained in the rational case. 
Now we give some constructions of rational GAG−codes and of their n−automorphism groups. Let F q (x)|F q be a rational function field. Let P = P p(x) be a place of degree n 1 (where p(x) is a monic, irreducible polynomial of degree n). Let α ∈ F q be a fixed root of p(x) (F q denotes the algebraic closure of the finite field F q ). It is well-known that α, α q , α q 2 , . . . , α q n−1 are exactly the n roots of p(x). So, one of its roots identifies clearly the polynomial p(x) and so, without creating ambiguity, it is possible to indicate P p(x) with P [α] . With abuse of notation we will indicate also P ∞ with P [∞] .
Let F P = F P p(x) be the residue class field of P . There are exactly n F q −isomorphisms between this field and the field F q n . In fact, the map
+ P ∈ F P is, clearly, a field F q −isomorphism and the n F q −isomorphisms between the fields F P and F q n will be φ
, we have φ
This means that, if we choose properly the root, we can always suppose a φ−place to be of the type (P [α] , φ α ).
It is well-known how the projective group P GL(2, q) acts on the projective line P G(1, q) = F q ∪{∞}. Whereas its action on F q (x)|F q is defined as follows.
Let σ [A] ∈ P GL(2, q) and
It is well-known also that every projectivity acts like an F q −automorphism of F q (x) and that Aut(F q (x)|F q ) ∼ = P GL(2, q) (see for instance [6] ). When σ [A] will denote an automorphism of F q (x)|F q it will be denoted with σ A .
Note that, since F q ⊆ F q n , we have that P GL(2, q) is, up to isomorphism, a subgroup of P GL (2, q n ) (and so Aut(F q (x)|F q ) ∼ = P GL(2, q) ⊆P GL(2, q n ) ∼ = Aut(F q n (x)|F q n )). Thus P GL(2, q) acts on F q n too. In fact, if σ [A] ∈ P GL (2, q) and α ∈ F q n , we have that σ [A] We will describe now the stabilizer Aut(F q (x)|F q ) Φ,kP∞ and, with this, we can give a different version of the Theorem 2.6. 
